A fully detailed account of Ocneanu's theorem is given that the Hilbert space associated to the two-dimensional torus in a Turaev-Viro type (2+1)-dimensional topological quantum field theory arising from a finite depth subfactor N ⊂ M has a natural basis labeled by certain
Introduction
The subfactor theory initiated by V. F. R. Jones in [14] and his celebrated knot invariant [15] have attracted much attention, both in the operator algebra theory itself and in its relations to quantum group theory, conformal field theory, and 3-dimensional topological quantum field theory. A. Ocneanu has announced a striking theory relating these various fields in several recent talks [30] , [31] , [32] , [34] , [35] , but unfortunately he has not published proofs of his important results. Our aim in this paper is to give full proofs of his recent claims based on his lectures [31] , [34] and our earlier efforts [11] , [16] , [17] , [20] about his unpublished theory. Proofs of irreducibility of three kinds of bimodules (Theorems 2.1, 4.1, and 4.2) in this paper are by us. Most of the pictures are taken from [31] , [34] .
Ocneanu [26] introduced a new algebraic/combinatorial notion a paragroup as an invariant for subfactors of the approximately finite dimensional (AFD) II 1 factor with finite Jones index and finite depth. (Also see [27] , [28] , [16] , [17] , [19] , [20] for more information on paragroups.) He later claimed in [29] that his axioms for paragroups are essentially equivalent to those for combinatorial initial data, the quantum 6j-symbols generalizing the Kirillov-Reshetikhin quantum 6j-symbols for U q (sl 2 ) [22] , in the Turaev-Viro type topological quantum field theory (TQFT) in dimension 2 + 1 [42] in the sense of Atiyah [1] . He has not published his proof of this equivalence, but a complete proof was given by us in [11] along the lines outlined in his several talks. His more recent idea is that the following three constructions, in algebra, topology, and analysis respectively, give different machinery realizing the same concept.
1. The quantum double construction of Drinfel d [8] 2. Turaev-Viro type 3-dimensional TQFT based on triangulations [42] 3. Ocneanu's asymptotic inclusion of a subfactor [26] , [28] Furthermore, the third construction also corresponds to the central sequence subfactor [26] , [28] , which is more analytic. (These constructions of subfactors were introduced by Ocneanu for his analytic classification of subfactors in [26] first. See [18] , [21] for more on these constructions in the operator algebra theory. The analytic classification theory of subfactors was completed by S. Popa in [37] , [38] , [39] .) The relations among the three constructions will be clarified in detail in this paper.
In the topological quantum field theory, the Hilbert space H S 1 ×S 1 associated to the 2-torus S 1 × S 1 has a very important meaning, and it is an analogue of the space of conformal blocks in conformal field theory (CFT). Ocneanu sketched a proof of a statement in [34] that the Hilbert space H S 1 ×S 1 in the TQFT arising from a subfactor N ⊂ M with finite index and finite depth has a natural basis labeled by certain M ∞ -M ∞ bimodules given by the asymptotic inclusion M ∨ (M ∩ M ∞ ) ⊂ M ∞ , and that all these bimodules are given by the basic constructions from M ∨ (M ∩ M ∞ ) ⊂ M ∞ if the so-called fusion graph is connected. A proof of this claim is given here.
We also discuss relations of the asymptotic inclusions to rational conformal field theory (RCFT) in the sense of Moore-Seiberg [25] . In the paper [3] , de Boer-Goeree tried to generate combinatorial data satisfying the Moore-Seiberg axioms from general paragroups without much success. Ocneanu claimed that one can construct such data after passing to the asymptotic inclusion from the initial subfactor, in which case we have S-and T -matrices, and analogues of the results of C. Vafa [43] and E. Verlinde [44] hold, as explained below.
A paragroup is regarded as a certain kind of quantization of an ordinary finite group. If a paragroup is really a finite group, it is shown that the asymptotic inclusion gives the dual of the quantum double of the function algebra on the group in the sense of Drinfel d [8] . Because of this fact, the asymptotic inclusion can be regarded as an analogue of the quantum double construction for paragroups.
This work was completed while the second author visited the University College of Swansea in September/October of 1993 with the financial support of SERC and the Higher Education Funding Council for Wales-Research. He thanks University College of Swansea for its hospitality. We thank D. Bisch for helpful communications, A. Ocneanu for giving us a copy of notes of [31] and comments on this manuscript including a communication of an error in our original manuscript, and F. Xu for showing us [33] and the notes of [34] .
Hilbert spaces for labeled surfaces and surface bimodules
We start with an AFD type II 1 subfactor N ⊂ M with finite index and finite depth.
As usual [11] , [26] [28], [29] , [31] , we deal with the finite system M of (four kinds of) bimodules arising from the "fundamental bimodule" N M M and tensor product operations. That is, we have a (non-commutative) fusion algebra of bimodules with the tensor product operation and the quantized 6j-symbols. (See [36] for the basic theory of bimodules over II 1 factors.) We work on several types of labeling of topological objects in Ocneanu's theory. Assign certain labels given by operator algebras, bimodules, and intertwiners to graphical objects such as vertices, edges, and triangles respectively. Consider oriented triangulated surfaces (possibly with boundaries). Assign a label of an algebra N or M to each vertex. Next assign a label of a bimodule to an oriented edge so that the left-and right-acting algebras of the bimodule coincide with the ones assigned to vertices. A labeled edge is identified with the edge with reversed orientation and labeling by the conjugate bimodule, as in Figure 2 .1.
Next assign an intertwiner to a triangle with labeled edges so that the intertwiner maps from a tensor product of two bimodule to the other as in Figure 2 .2, where
After rotating Figure 2 .2 by 120 degrees in the counterclockwise orientation, we get the right diagram in Figure 2 .3. Identify the labeled diagram in Figure 2 .2 with the right labeled diagram in Figure 2 .3 using Frobenius reciprocity [29] , [47] .
We can also take the mirror image of Figure 2 .2, and then make the following identification as in Figure 2 .4 again using Frobenius reciprocity.
Next assign a finite dimensional Hilbert space to each surface S with a boundary ∂S so that the boundary is divided into oriented edges which are labeled as above. (See [42, Section 2] .) Fix a triangulation of S and labeling of its vertices by N, M that are compatible with the division on ∂S. Let H be the finite dimensional vector space spanned by all the possible labelings of the triangulated S that are compatible with the labels on ∂S. (Because the labeling is given by intertwiners, we have a natural vector space structure.) Let IS = I × S/I × ∂S, where I is the unit interval [0, 1] . This is a 3-manifold with boundary. Two elements in H give a 3-manifold IS with labeled boundary, so the general partition function scheme gives a number as a topological invariant [9] , [11] , [29] , [42] . This gives a (possibly degenerate) innerproduct on H . We define H S to be the quotient of H by the degenerate vectors. Then this space H S is independent of the choice of a triangulation of S as in [42] and its dimension is equal to the value of the topological invariant of the 3-manifold S × S 1 . (The proof in [42] for the case ∂S = works in the same way here.) Next we modify the path algebra construction in [10] , [26] , [27] , [28] so that the algebra is expressed in terms of two-dimensional pictures instead of one-dimensional pictures. First note that M op is naturally identified with
Putting labels of intertwiners on Figure 2 .5, the left hand side picture gives an intertwiner in Hom
Thus by composing these two intertwiners, we get an element in End
In this way, Figure 2 .6, where labeling is dropped for simplicity, ia regarded as an (With this embedding, the increasing sequence gives the algebra M instead of M ∩ M ∞ .) In this graphic expression, there is a natural multiplication structure, which is just a rewriting of the multiplication structure of the path algebra.
Next introduce a similar graphic expression of M-M bimodules in the system M. The bimodule is given by an increasing sequence of finite dimensional Hilbert spaces. An element of the finite dimensional Hilbert space is given by Figure 2 .8 with labels of intertwiners.
The embedding is given by Figure 2 .9, where the labeling of vertices/edges is dropped again for simplicity.
Here the coefficient in the right hand side is the (non-normalized) 6j-symbol. On each finite dimensional Hilbert space, there is natural left and right actions of M −k ∩ M, so by taking the completion of the union with respect to a natural inner product, an M-M bimodule is obtained. Call this a surface bimodule and denote this by A X .
Note that there is the following basis change rule Figure 2 .10 for paths in terms of the connections in the path algebra construction [26] , [27] , [28] .
The new basis change rule Figure 2 .11 for surfaces in terms of the (non-normalized) 6j-symbols is as follows, which is essentially a rewriting of Figure 2 .10.
These surface bimodules are irreducible.
Theorem 2.1 The bimodule A X is irreducible.
Proof: First, note that there is the following decomposition rule Figure 2 .12 of the tensor products of the surface bimodules graphically.
Z Y X

Figure 2.12
Here the triangle on the right hand sides denotes a Hilbert space with dimension N Z XY , the structure constant of the fusion algebra. That is,
(At this point, it is not known yet that this is the irreducible decomposition.)
Let µ X be the square root of the Jones index [A X ] corresponding to the bimodule A X , that is, the square root of the product of the dimension of A X as a left module and that as a right module. Note that With this irreducibility and the decomposition rule of the tensor products, we can identify the systems of surface bimodules with the original system M of bimodules.
3 Tube algebra, the Hilbert space H S 1 ×S 1 , and labeling for circles
In the study of the Hilbert spaces associated to surfaces with labeled boundaries as above, we encounter the problem to label circles which are parts of boundaries of surfaces in more natural way. For this purpose, a new algebra, the tube algebra, as in [30] , [31] , [34] , [35] , is introduced and it is shown that its center gives a natural labeling of circles in the TQFT. This section is based on [31] , [32] , [33] , [34] .
with the product defined by
and α is in a basis of Hom (A ⊗ A , B) . Graphically, an element in this algebra and the product is expressed as in Figure 3 .1. In the Turaev-Viro type TQFT arising from the system M as in [11] , [29] , we study the Hilbert space H S 1 ×S 1 associated to the 2-dimensional torus S 1 × S 1 , which is defined as in Section 2. Note that the topological invariant of the 3-dimensional torus in this TQFT gives the dimension of this Hilbert space. For the study of this space, we can fix any triangulation of the 2-dimensional torus, so we choose the one as in Figure 3 .3. In this picture, the top and the bottom edges are identified, and the left and right edges are identified to give a torus. This is not a triangulation in the standard terminology in combinatorial topology, because it has only one vertex, but this does [34] is that this gives an isomorphism. Proof: This is proved graphically as follows. These pictures are taken from [33, Figure 8 .5], where Ocneanu works on the two-dimensional theory rather than the three-dimensional theory. Because it is easier to draw two-dimensional pictures than three-dimensional pictures, we have Figures 3.4 and 3 .5 with dimension one less as in [33] . To get the real pictures for the current situation, it is enough to multiply everything below with S 1 . (Actually, there is a labeling for the annulus with intertwiners and a summation over A, X, Y , which we have dropped for simplicity.) By labeling a circle, which is a part of the boundary of a surface S, with π j , we mean the following. Thicken the circle so that there is an annulus which has the circle as a common boundary with S. Then we have a new surface, a part of which is labeled with intertwiners. We can still assign a Hilbert space to this partially labeled surface just as in Section 2. Then the product rule π j π k = δ jk π j and the minimality of π j imply that the dimension of the Hilbert space for the annulus in Figure 3 .7 is δ jk . 
Tensor products of bimodules for the asymptotic inclusion
The contents the previous section were mostly combinatorial. The aim in this section is to give them an operator algebraic meaning, as sketched in [34] . That is, the "convolution product" in the center of the tube algebra will be identified with the fusion rule of M ∞ -M ∞ bimodules of the asymptotic inclusion. In particular, it will then turn out that the tensor product operation of the M ∞ -M ∞ bimodules arising from the asymptotic inclusion is commutative, as claimed in [35] . This is not trivial at all from the definition of the asymptotic inclusion. We first introduce a new commutative multiplication * , a convolution, on H S 1 ×S 1 as follows, as in [31] . Let N We define π i * π j = k N k ij π k and extend this linearly to H S 1 ×S 1 . The commutativity follows from that switching π i and π j in Figure 4 .1 gives a homeomorphic picture. We call the algebra H S 1 ×S 1 with this convolution product the asymptotic fusion algebra of the original system M of bimodules.
In order to deal with bimodules arising from the asymptotic inclusion With the above preliminaries, we now deal with bimodules arising from the asymp- 
We also have
We fix X, Y . Note that for any j, we have Z with n Z j ≥ 1. We thus get
We next fix j and choose X, Y so that n 
This implies n
This implies the irreducible decomposition of B Z has just one summand B j . This means each B Z is irreducible.
Q.E.D.
This describes the principal graph of the asymptotic inclusion as follows. We have 
is flat. The other statement of Ocneanu [28] Figure 4 Figure 4 .13 is the irreducible decomposition.
Theorem 4.2 Each
Proof: A graphical expression yields the identity
which is the irreducible decomposition as an
Then the same argument as in the proof of Theorem 3.1 works.
Q.E.D.
It is easy to see that the system of bimodules B π j is closed under the tensor product of M ∞ -M ∞ bimodules. Call this system the tube system and denote it by M ∞ . The tensor product in the tube system is given by the following.
Theorem 4.3 In M ∞ , we have
Proof: The bimodule B π i ⊗ M∞ B π j is expressed as in Figure 4 .14. 
S-matrix, T -matrix, and the Verlinde identity
In [3] , de Boer and Goeree constructed paragroups from combinatorial data of RCFT satisfying the Moore-Seiberg axioms [25] . In the converse direction, they attempted to construct combinatorial data of RCFT from paragroups. In particular, they tried to construct S-matrices from paragroups of type D and E in the last section of [3] without success. (See [2] , [13] , [16] for paragroups of type D and E.) It will be shown that such data can be constructed after passing to the asymptotic inclusion from a given paragroup. That is, the S-matrix and T -matrix are introduced for the tube system M ∞ , and several analogues of the theorems in RCFT [43] , [44] are then proved. That is, the S-matrix and the T -matrix are defined so that the S-matrix diagonalizes the fusion algebra of the M ∞ -M ∞ bimodules of the asymptotic inclusion,
It is easy to see that these two operators are unitary on H S 1 ×S 1 . Note that the operation T means a "twist" of a tube.
It is again easy to see graphically that the S-matrix interchanges the two products, the tube algebra product and the convolution product as in Figure 5 .3. This is an analogue of the celebrated theorem of E. Verlinde [44] . Again from Figure 5 .4, we have the following identity. Thus we have
which implies the matrix T is diagonal to the natural basis π j of the Hilbert space π j . That is, we have a scalar t j ∈ C with T π j = t j π j . Then exactly as in [43] , we can prove that the diagonal entries of the T -matrix are roots of unity. This was claimed in Ocneanu's conference talk [32] . (Here we need to appeal to Remark # 7 in [43, page 424].) In this way, we can also construct data for rational conformal field theory in the combinatorial sense of Moore-Seiberg [25] .
See [4] for an example of S-and T -matrices. The examples in [30] are the same as these.
Quantum double construction for paragroups
In this last section, it is explained why this passage from a paragroup to the new paragroup of the asymptotic inclusion can be regarded as a paragroup analogue of the quantum double construction of Drinfel d [8] , as claimed in [34] , [35] .
We look at the group case in detail, so start with a finite group G. Consider the subfactor N ⊂ M = N × G, where N is the AFD II 1 factor and the finite group G acts on N freely. Then the central sequence subfactor 
given by the dual of the quantum double of the function algebra F (G) on the group G in the sense of Drinfel d [8] . (See [4] , [5] , [6] , [7] for results on this system. Also see [23] , [24] for operator algebraic study of this type of subfactors arising from finite group actions.) In this sense, if the paragroup is really a (finite) group, the asymptotic inclusion really gives the quantum double. (In the setting of TQFT, this is the Dijkgraaf-Witten construction [7] with trivial 3-cocycle.) So it can be said that the asymptotic inclusion gives the quantum double of a paragroup.
A general paragroup is more like a general Hopf algebra than a quantum group, so that in general the fusion algebra is not commutative and there is no analogue of the R-matrix. These inconveniences can be eliminated by passing to the "quantum double", At the end, we discuss three constructions mentioned in the Introduction. In Section 3, a relation was shown between the TQFT based on triangulation and the asymptotic inclusion. Here in this section a relation between the asymptotic inclusion and the quantum double was observed. Finally we mention an interpretation of Ocneanu's recent announcement on chirality [35] from a viewpoint of a relation between the TQFT based on triangulation and the quantum double.
Conceptually, the quantum "double" construction pairs the original object with something "dual" to the original object, and then appeals to some machinery to produce a higher symmetry. In the ordinary quantum double construction, the "dual" object is the dual Hopf algebra and the "machinery" changes the product structure. In the asymptotic inclusion, the "dual" object is an opposite algebra M opp ∼ = M ∩ M ∞ , and the "machinery" allows us to pass from the system of the M ∨ (M ∩ M ∞ )-M ∨ (M ∩ M ∞ ) bimodules to that of the M ∞ -M ∞ bimodules. In the case of TQFT based on triangulation, Ocneanu introduced a notion of non-degenerate braided system of bimodules in [35] , and in that case a factorization of the TQFT holds as a tensor product of the TQFT given by the same system with the Reshetikhin-Turaev type method based on surgery [40] and its complex conjugate. (The ReshetikhinTuraev TQFT [40] gave a rigorous realization of the TQFT predicted by Witten [46] .) Ocneanu's non-degenerate bimodule assumption means that the system of bimodules has a high enough symmetry from the beginning, and then the "quantum double" construction is just making everything "double" without any more change. In this sense, the TQFT based triangulation makes everything double if we have a high symmetry at the beginning. In general, we can interpret the TQFT based on triangulation as a method making a "double" and changing the symmetry to a higher one. In this construction, the "dual" object is complex conjugate. This gives a more conceptual understanding of Ocneanu's result [35] , which generalized an earlier result of Turaev [41] .
We finally mention a relation to RCFT. Ordinary paragroups do not give analogues of RCFT, as shown in [3] , but the above shows that after passing to the asymptotic inclusion, the "quantum double for paragroups", we have a symmetry high enough to get an RCFT, as explained in the previous section.
